Research Statement - Ziqing Xiang

1

Last Update: November 8, 2018

Overview

My research interests mainly focus on three fields: (1) representation theory, (2) combinatorics and (3) number theory. I will give an overview of my research in these three fields in
Sections 1.1 to 1.3, and discuss my research in details in Sections 2 to 4, respectively.

1.1

Representation theory

The representation theory of the symmetric group has been studied for a long time. The
theory at characteristic zero is fairly well-understood, while in positive characteristic, there
are many open problems. Hecke algebras of type A are deformations of the group algebras
of symmetric groups. Such algebras at root of unity can be viewed as some approximation
of the symmetric group algebra at positive characteristic.
The calculation of the cohomology ring of the symmetric group has been an open problem
for a long time. At this time, it is only known to be finitely generated. Recently, Benson,
Erdmann and Mikaelian [BEM10] calculated the cohomology ring for Hecke algebra of type A.
Linckelmann [Lin11] proved the finite generation of Hochschild cohomology of Hecke algebras
of type A. In joint work with Nakano [NX18], we proved that the ordinary cohomologies over
the cohomology ring are also finitely generated.
Support varieties are the support of cohomologies of modules. The varieties can detect
natural homological properties of the modules, such as the complexity of modules. Support
varieties have been developed in a variety of contexts that involve a Hopf structure, for
example, for finite group schemes, quantum groups and Lie superalgebras [FP86; FP87;
FP05; NP98; BNPP14]. Very little is known about extracting geometric properties from
Frobenius categories where there is no underlying coproduct.
In joint work with Nakano [NX18], we developed a support theory for Hecke algebras of
type A which has a canonical description in an affine space where computations are tractable.
The ideas involve the interplay with the computation of the cohomology ring due to Benson,
Erdmann and Mikaelian [BEM10], the theory of vertices due to Dipper and Du [DD93], and
branching results for cohomology by Hemmer and Nakano [HN02]. Using Morita equivalence
between Hecke algebras of classical types by Dipper, James, Pallikaros and Hu [DJ92; Pal94;
Hu02], our theory can be extended to Hecke algebras of other classical types.
The q-Schur algebras are quasi-hereditary covers of Hecke algebras of type A. With the
Schur functor, we can relate the representation theory of q-Schur algebras and Hecke algebras
of type A. With the Morita equivalence mentioned above, in joint work with Nakano and
Lai [LNX18], we proved that in many cases, q-Schur algebras of type B are quasi-hereditary
covers of Hecke algebras of type B. We also proved that q-Schur algebras of type B are
direct sums of tensor products of Schur algebras of type A. With this structural result, we
can generalize many results for type A results to type B. For example, we can derive the
representation type of q-Schur algebra using the representation type of q-Schur algebra of
type A obtained by Nakano and Erdmann [EN01].
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Combinatorics

Much of my research in combinatorics are focused in a subfield called design theory. These
works introduce many tools from other fields of mathematics to design theory. Besides
design theory, I also do research in graph theory, phylogenetic combinatorics and symbolic
dynamics, which will not be discussed in this research statement.
Designs are good finite subsets that approximate a given space nicely. Information on
designs can be used to recover the information on the given space. There are mainly two
classes of designs:
(i) combinatorial designs, whose study goes back to Kirkman, Steiner, Fisher, Witt, Bose,
Hughes, etc., such as block designs (also called t-(v, k, λ) designs) on Johnson association scheme;
(ii) geometric designs, originated from Delsarte-Goethals-Seidel [DGS77], such as spherical
t-designs on real spheres.
Here, t is called the strength of the design. The higher the strength is, the more nicely the
designs approximate the space.
Finding good constructions of designs on various spaces is always an important topic in
design theory. Wilson proved the existence of t-(v, k, λ) designs for t = 2 in [Wil72a; Wil72b;
Wil75] under necessary conditions, and the existence for general t was proved recently by
Keevash in [Kee14]. However, it is still an open problem to construct an explicit 6-(v, k, 1)
design. In [SZ84], Seymour-Zaslavsky proved the existence of geometric designs on pathconnected space. In joint work with Cui and Xia [CXX17], with the help of analytic number
theory, we proved the existence of designs consisting of rational points on an algebraically
path-connected space. Inspired by such existence, in a recent paper of mine [Xia18a], I give
the first explicit construction of spherical designs of arbitrary strength and dimension.
Another direction of studying designs is classifying small designs on various spaces. We
usually expect to have a certain lower bound on the size of designs, called Fisher type
lower bound [RW75; DGS77]. I proved such lower bound for relative designs on Hamming
association scheme in [Xia12] using total positivity. Designs achieving this bound are rare,
and it is already proved that such designs (almost) do not exist for large strength on various
spaces [BD79; BD80; RW75; Ban77]. One of my result in this direction is to give a new
lower bound on spaces that do not support Q-polynomial association schemes [Xia18b]. One
application of [Xia18b] is a nonexistence result for tight designs on unitary group, whose
proof involves a generalized hook formula and Hankel determinants. For small strength, the
classification of designs achieving Fisher type lower bounds are usually very difficult, since
they involve classification of finite projective planes, classification of Hadamard matrices,
classification of maximal equiangular lines, etc. By solving a certain explicit high degree
Diophantine equation, I proved such nonexistence for block designs of strength 8 [Xia18c],
and with my coauthors for a variant of spherical designs of strength ≤ 4 [BBXYZ18].

1.3

Number theory

In my research of algebraic combinatorics [Xia18c; BBXYZ18], I usually encounter some
Diophantine equations. The integral solutions of the Diophantine equations correspond to
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feasible parameters of a certain interesting algebraic combinatorial objects. Finding all
integral (rational) solutions is an important step to classify the corresponding algebraic
combinatorial objects.
These Diophantine solutions are explicitly given, having large coefficients, high degree
(say, degree 10) in two or three variables. Existing methods are not able to solve them. A
computer proof is impossible due to the answer to Hilbert’s 10th problem. For curves, Siegel’s
theorem gives the finiteness of integral points, and Falting’s theorem gives the finiteness of
rational points. But, these two results are not effective. For surfaces, the Bombieri-Lang
conjecture gives a conjectural behaviour of rational points on a generic surface. Even if this
conjecture was proved, it is still unknown how it can be applied our explicit Diophantine
equations. For some curves, Runge’s theorem gives finiteness of integral points. However,
since coefficients and degree are large, effective versions of Runge’s theorem would give very
10
large bound, say 1010 , and a computer search for small solutions would be impossible.
In [Xia18a], I develop a new method solving these Diophantine equations under some
additional conditions coming from combinatorial properties. In many cases, parameters
of algebraic combinatorial objects are related by rational functions. Some parameters are
integers, and some parameters are positive. The positivity conditions and integral conditions
of new parameters allow me to find all integral solutions. This method has been applied
successfully to solve a degree-13 Diophantine equation with large coefficients in two variables
[Xia18a] and a degree-10 Diophantine equation in three variables [BBXYZ18] under new
integral and positivity conditions.

2
2.1

Representation theory: Hecke algebras and q-Schur
algebras
Cohomology of Hecke algebra

Let Σd be the symmetric group on d letters, and q ∈ C∗ a non-zero complex number.
The Hecke algebra HA
q (d) := Hq (Σd ) is a deformation of the group algebra C Σd . The
A
trivial Hq (d)-module is denoted by C. For an HA
q (d)-module M , define the cohomology
•
A
•
H (Hq (d), M ) as ExtHAq (d) (C, M ). The cohomology ring H• (HA
q (d), C) was calculated recently by Benson, Erdmann and Mikaelian.
Theorem 2.1 (Benson-Erdmann-Mikaelian [BEM10]). Let q be a primitive l-th root of unity
with l ≥ 3. Then,
H• (HA (d), C) ∼
= k[x1 , . . . , xbd/lc ] ⊗ Λ[y1 , . . . , ybd/lc ],
where deg xi = 2l − 2 and deg yi = 2l − 3.
For permutation modules and Young modules, we can calculate its cohomology using
the vertices of these modules [DD93]. Like the symmetric group algebra, it is still an open
problem to calculate the cohomology of Specht modules of Hecke algebras.
λ
Problem 2.2. For an l-regular partition λ ` d. Calculate the cohomology H• (HA
q (d), S ),
where S λ is the Specht module indexed by λ.
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For group algebras, it is known that the cohomology is finitely generated over the cohomology ring, and it is still the case for Hecke algebras of type A.
Theorem 2.3 (Nakano-X. [NX18]). For every finitely generated HA
q (d)-module M , the co•
A
•
homology H (Hq (d), M ) is finitely generated over H (Hq (d), C).
For a composition λ = (λ1 , λ2 , . . . )  d, denote by Σλ the Young subgroup Σλ1 ×Σλ2 ×. . .
of Σn , and denote by Rλ the cohomology ring H• (Hq (Σλ ), C) of Hecke algebra HA
q (λ) :=
Hq (Σλ ). Using the Künneth Theorem and the formula of the cohomology ring, it is possible
to write down Rλ explicitly. The ring Rλ has a commutative subring generated by preimages
eλ denote this commutative subring. Then, we have
of xi ’s in Theorem 2.1, and let R
eλ ∼
R
= C[x1 , . . . , xbd/lc ].
A
A
Given a pair of algebras (HA
q (d), Hq (λ)), we can generalize cohomology of Hq (Σd ) to
A
cohomology of HA
q (Σd ) relative to Hq (λ). For group algebras, the relative cohomology may
not be finitely generated over the relative cohomology ring. It is an interesting question to
see if it is true for Hecke algebras.
•
A
A
Problem 2.4. Let M be a HA
q (d)-module. Is the relative cohomology H (Hq (d), Hq (λ), M )
A
finitely generated over H• (HA
q (d), Hq (λ), C)?

2.2

Support variety

The definition of the support variety for group algebras involves tensor products of modules,
which are not available for Hecke algebras. This suggests that we may find another way to
define the support variety for Hecke algebras. For symmetric group algebras, Hemmer and
Nakano have the following branching results.
Theorem 2.5 (Hemmer-Nakano [HN02]). Let k be an algebraically closed field with positive
characteristic, VkΣd (M ) the support variety of kΣd -module M , and VkΣλ (C, M ) the relative
support variety of kΣλ -module M for a given composition λ  d. Then,
[
VkΣd (M ) =
res∗Σd ,Σλ VkΣλ (k, M ).
λd

Note that the definition for relative support VkΣλ (C, M ) does not need tensor products
of modules. This indicate that we might be able to construct support variety for Hecke
algebras by mimicking the result above.
In joint work with Nakano, we define the support variety for Hecke algebras as follows.
fλ , which is an affine space. For a finitely generated HA
Let Wλ := MaxSpec R
q (λ)-module
M , its relative support variety Wλ (M ) is the variety of the annihilator ideal, JHAq (λ) (C, M ),
eλ for its action on H• (Hq (λ), M ). These relative support varieties are closed conical
in R
subvarieties of Wλ .
For each λ  d, there exists a restriction map in cohomology res∗d,λ : Wλ → Wd which is
A
induced by the inclusion of HA
q (λ) ≤ Hq (d). Inspired by the branching results, we define
the support variety as follows
4
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Definition 2.6. Let M be a finitely generated HA
q (d)-module. The support variety of M is
[
Vd (M ) :=
res∗d,λ (Wλ (M )).
λd

Using vertices of permutation modules and Young modules, we can show that the support
of these modules are affine spaces. It is still an open problem to calculate the support varieties
of Specht modules.
For symmetric group algebra, support varieties have another description as rank varieties.
It allows us to calculate the support variety from some local data. It is an interesting open
problem to find such description for support varieties for Hecke algebras.
Problem 2.7. Find a rank variety description for the support variety for Hecke algebras.

2.3

Hecke algebras of other types

For a Coxeter group of other type, we can define its associated Hecke algebra similarly.
For type Bd (or Cd ), the Hecke algebra involves two parameters Q ∈ C∗ and q ∈ C∗ , and
let HB
Q,q (d) denote this Hecke algebra. For type Dd , the Hecke algebra only involves one
parameter q ∈ C∗ , and let HD
q (d) denote this Hecke algebra.
When the parameters are generic, we can relate the Hecke algebras of classical type to
Hecke algebra of type A via Morita equivalences.
Theorem 2.8.

(i) (Dipper-James [DJ92]) If Q is generic, then
HB
Q,q (d) ∼Morita

d
M

A
HA
q (i) ⊗ Hq (d − i).

i=0

(ii) (Pallikaros [Pal94]) If Q is generic and d is odd, then
(d−1)/2

HD
q (d)

∼Morita

M

A
HA
q (i) ⊗ Hq (d − i).

i=0

(iii) (Hu [Hu02]) If q is generic and d is even, then
d/2−1

HD
q (d)

∼Morita A(d/2) ⊕

M

A
HA
q (i) ⊗ Hq (d − i),

i=0

for some algebra A(d/2).
With this Morita equivalence, we can calculate cohomology ring and define support variety at generic parameters. The details are given in [NX18].
At special parameters, i.e. some roots of unity, the above Morita equivalences fail, and
the cohomology rings have not been calculated yet.
Problem 2.9. Calculate the cohomology ring for Hecke algebras of type B and D at special
parameters.
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Coordinate coalgebra construction of q-Schur algebras

The q-Schur algebra of type A, S A (n, d), is the quasi-hereditary cover of the Hecke algebra
of type A HA (d). These two algebras satisfy Schur-Weyl duality, namely double centralizer property. The q-Schur algebra S A (n, d) has a coordinate coalgebra construction, more
precisely, it is the dual of the degree d part of a deformation of the matrix algebra Mn (C).
Using this description, the calculation in S A (n, d) is tractable.
In joint work with Lai and Nakano [LNX18], we generalize this description to type B,
and obtain a coordinate coalgebra description for the q-Schur algebra of type B, denoted by
S B (n, d). We proved that the type B Schur algebra is related to type A Schur algebra as
follows.
Theorem 2.10 (Nakano-Lai-X. [LNX18]). Suppose that q is generic. Then,
S B (n, d) ∼
=

d
M

S A (n, i) ⊗ S A (n, d − i).

i=0

The isomorphism above allows us to get many results on type B Schur algebra using the
results on type A Schur algebras. The cellularity and quasi-hereditariness of q-Schur algebras
of type B follows immediately from that of q-Schur algebras of type A. The representation
type of q-Schur algebras is determined in [EN01]. With the above isomorphism theorem, we
can determine the representation type of q-Schur algebras of type B.
We have an ongoing project to generalize these results to other types, especially type D.
Problem 2.11. Find a coordinate coalgebra construction of the q-Schur algebras of type D.

3

Combinatorics: Design theory

Designs are good finite subsets of a given space that they approximate the given space
with respect to polynomials on the space. One well-known example is the set of minimum
vectors of the Leech lattice, which approximates the 23-dimensional sphere with respect to
polynomials of degree up to degree 11.
For a space Z studied in algebraic combinatorics, there is usually a natural measure µZ
on Z and a concept of polynomials on Z. Let P t [Z] the real vector space of continuous
integrable degree ≤ t polynomials on Z. A t-design X on Z is a finite subset such that
Z
1
1 X
f d µZ
f (x) =
|X| x∈X
|Z | Z
for all f ∈ P t [Z]. Designs are classified as combinatorial/geometric designs if Z has combinatorial/geometric structure.
For combinatorial designs, Z is usually a discrete topological space equipped with some
additional combinatorial structure, the counting measure, and polynomials defined using the
combinatorial structure such as association scheme. The most important case is block designs
(also called t-(v, k, λ)-design), whose existence was proved by Wilson for t = 2 and Keevash
for general t. Block designs can be regarded as designs on a Johnson association scheme.
6
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Regular t-wise balanced designs [Xia12] are designs on a Hamming association scheme. For a
general P-polynomial or Q-polynomial association schemes, we have relative designs on them
[Del73; BB12; BBST15]. Another direction of the generalization is designs on polynomial
spaces [God88].
For geometric designs, Z is usually a good manifold equipped with a natural measure
and polynomials. The study of geometric designs originated from Delsarte-Goethals-Seidel
[DGS77], where they introduced the concept of spherical designs, that is designs on real
unit spheres. Seymour-Zaslavsky proved the existence of spherical designs in [SZ84]. Later,
many other proofs are found [RB91; Wag91; BRV13; CXX17; Xia18a]. There is a large
literature on studying variations of spherical designs: interval designs [Kup05], Euclidean
designs [NS88; DS89], Grassmannians designs [BCN02; BBC04], complex spherical designs
[RS14], unitary designs [RS09; Xia18b], designs on homogeneous spaces, designs on polynomial spaces [God88; BBD99], etc.
There are mainly two directions on the study of designs, finding small designs and finding
explicit designs.

3.1

Small designs

On a good space Z, either combinatorial or geometric, we have an inner product structure
on polynomials on Z. With the help of inner structure, we can expect for every t-design X
on Z,
|X| ≥ dim P t/2 [Z].
This kind of lower bound is called a Fisher type lower bound for designs on Z. Such lower
bound has been proved for various spaces: block designs [RW75], spherical designs [DGS77],
designs on subset of Euclidean space [Möl79], Euclidean designs [Möl79; DS89], unitary
designs [RS09], complex spherical designs [RS14], regular t-wise balanced designs [Xia12],
relative designs [BB12].
For some spaces Z, it is not an easy task to give a simple formula for dim P e [Z]. I
determined it for Hamming scheme in [Xia12]. It is unknown if a simple formula can be
found for unitary group [RS09].
A design that achieves this Fisher type lower bound is called tight. A central topic in
design theory is to find all tight (or almost tight) designs.
3.1.1

Classification of tight spherical designs

It is shown in [DGS77] that the Fisher type lower bound for a t-designs X on real unit sphere
of dimension d with even t is

 

d + t/2
d + t/2 − 1
|X| ≥
+
.
d
d
There is a similar formula for odd t. Spherical designs achieving the equality have attracted
attention, and there are many studies on these tight spherical designs.
Theorem 3.1 (Bannai-Damerell [BD79; BD80]). If a tight spherical t-design exists on S d ,
then t ∈ {1, 2, 3, 4, 5, 7, 11}.
7
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The classification of tight spherical t-designs for t ∈ {1, 2, 3, 11} is known, and classification for t ∈ {4, 5, 7} is still open.
(i) A tight 1-design is a pair of antipodal points on S d .
(ii) A tight 2-design is the vertices of a regular d-simplex on S d .
(iii) A tight 3-design is the vertices of a cross polytope on S d .
(iv) (Bannai-Slone [BS81]) The unique tight 11-design is the minimal vectors of the Leech
lattice.
3.1.2

Asymptotically the smallest geometric designs

Let N (d, t) be the size of the smallest spherical t-design on a d-dimensional sphere. The
Fisher type lower bound gives
N (d, t)  td .
It is proved recently by Bondarenko-Radchenko-Viazovska in [BRV13] that N (d, t) is asymptotically td as t → ∞. It remains to be in interesting problem to find the asymptotic size of
the smallest design on other spaces.
3.1.3

Classification of tight combinatorial designs

In [RW75], it is shown that the Fisher type lower bound for a combinatorial t-(v, k, λ) design
X is
 
v
|X| ≥
.
t/2
for even t. Recall that when the equality holds, such design is called a tight combinatorial
t-design.
Tight 1-designs are basically partitions. There exists a unique tight 1-(v, k, λ) design up
to isomorphism for each k, the 1-(2k, k, 1) design.
Tight 2-designs are also called symmetric designs. The case t = 2 is quite different
from the other cases. Finite projective planes and Hadamard matrices give two infinite
families of nontrivial tight 2-designs. The classification for finite projective planes and the
classification for Hadamard matrices are both very difficult open question, consequently a
complete classification of tight 2-designs is not yet known.
Ray-Chaudhuri and Wilson [RW75] proved the nonexistence of nontrivial tight t-designs
for odd t ≥ 3. Bannai [Ban77] succeeded in proving that for any t = 2e with e ≥ 5, there
exist only finitely many nontrivial tight t-designs. In an unpublished paper, Bannai and
Ito proved the finiteness of the number of nontrivial tight 8-designs. The nonexistence of
nontrivial tight 6-designs was proved by Peterson [Pet77]. Bremner [Bre79] and Stroeker
[Str81] independently showed that there are only two nontrivial tight 4-designs up to isomorphism, which have parameters 4-(23, 7, 1) and 4-(23, 16, 52). Dukes and Short-Gershman
[DS13] proved the nonexistence of nontrivial tight t-designs for t ∈ {10, 12, . . . , 18}. I proved
the nonexistence of nontrivial tight 8-design in [Xia18c], and I am interested in proving the
following conjecture.
8
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Conjecture 3.2. For each e ≥ 10, there are no nontrivial tight combinatorial 2e-design.
In [Xia18a], I gave a new necessary condition for the existence of tight designs, which
involves a certain Diophantine equation. I expect that further analysis of the Diophantine
equation may provide some hint on how to approach the conjecture above. Some partial
result was obtained in joint work with Lorenzini [LX18].

3.2
3.2.1

Explicit designs
Explicit construction of geometric designs

When t and d are small, there are many good spherical t-designs coming from geometric
constructions. The regular n-gon in R2 gives a spherical (n − 1)-design. The root systems
in Rd+1 with large d give spherical 3-design. Regular dodecahedron and regular icosahedron
in R3 give spherical 5-designs. The 120-cell and 600-cell in R4 give spherical 11-designs.
The minimum vectors of the Leech lattice in R24 form a spherical 11-design. The orbit of a
generic point in R4 under the reflection group of type H4 gives spherical 19-design. It is not
known if there exists some simple geometric construction that could give spherical 20-design
for d ≥ 2.
With the help of interval design, [RB91; Wag91; Baj92] gave a construction of spherical
t-design on S d for arbitrary t and d. However, this construction is not explicit since this
construction uses designs on Gegenbauer intervals, which do not have an explicit construction
yet.
Recently, I showed an explicit construction of spherical t-design on S d for arbitrary t and
d.
Theorem 3.3 (X. [Xia18a]). For every t and d, spherical t-designs on S d can be constructed
explicitly.
I am interested in generalizing this to generalize it to other good geometric spaces, say
compact symmetric spaces such as unitary groups.
3.2.2

Explicit construction of combinatorial designs

The work of Wilson and Keevash showed that there exist combinatorial t-(v, k, λ) designs
under necessary conditions. However, these results use probabilistic methods, and are both
nonconstructive. The problem of finding an explicit construction of t-(v, k, λ) designs is very
difficult. Teirlinck [Tei87] constructed explicit t-(v, k, λ) designs for all t, but the parameter
λ in that construction is very large. The smallest open case is t = 6 and λ = 1.
Problem 3.4. Construct an explicit 6-(v, k, 1) design for some v and k.
3.2.3

Rational designs

The existence of geometric designs on path-connected spaces is proved by Seymour-Zaslavsky.
Theorem 3.5 (Seymour-Zaslavsky [SZ84]). For a path-connected space Z equipped with a
good measure, there exists t-designs on Z of size n for arbitrary t and sufficiently large n.
9
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In this existence results, the points in the designs are real points. It is natural to ask,
for a given subfield F ⊆ R, whether there exist designs over F, that is designs consisting of
F-points.
In joint work with Cui and Xia [CXX17], we generalized the concept of path-connected
space and define algebraic path-connected spaces, and we proved the following analogous
result for rational designs, that is designs consisting of rational points.
Theorem 3.6 (Cui-Xia-X. [CXX17]). For an algebraically path-connected space Z equipped
with a good measure, there exists t-designs on Z of size n for arbitrary t and sufficiently
large n.
On the other hand, the spheres are not algebraically path-connected, hence the existence
of rational spherical designs remains to be an open problem. I propose to investigate the
following conjecture.
Conjecture 3.7. For every positive integer t, there exists a rational spherical t-design on
S d for some positive integer d.
If we enlarge the field Q to some intermediate field F, there might be possible to prove
√
the above conjecture. I showed in [Xia18a] a construction over the field Q( p : prime p).

4

Number theory: Diophantine equations

In algebraic combinatorics, a certain object has two parameters v and k. It is known that
these two parameters are zeros of the Diophantine equation f4 (v, k) = 0 where
f4 (v, k) := −16384k12 v + 65536k12 + 98304k11 v 2 − 393216k11 v − 253952k10 v 3 + 786432k10 v 2 + 1744896k10 v − 3309568k10 + 368640k9 v 4 −
327680k9 v 3 −8724480k9 v 2 +16547840k9 v−328320k8 v 5 −1102464k8 v 4 +17194752k8 v 3 −21567744k8 v 2 −49810560k8 v+62323584k8 +182784k7 v 6 +
2050560k7 v 5 − 16432128k7 v 4 − 13016064k7 v 3 + 199242240k7 v 2 − 249294336k7 v − 61184k6 v 7 − 1642240k6 v 6 + 6536960k6 v 5 + 58253568k6 v 4 −
293538048k6 v 3 + 209662720k6 v 2 + 511604992k6 v − 488998144k6 + 10752k5 v 8 + 698880k5 v 7 + 1258752k5 v 6 − 59703552k5 v 5 + 183266304k5 v 4 +
243542016k5 v 3 − 1534814976k5 v 2 + 1466994432k5 v − 640k4 v 9 − 143664k4 v 8 − 2296192k4 v 7 + 27050224k4 v 6 − 7038496k4 v 5 − 582955856k4 v 4 +
1856597696k4 v 3 − 1428764528k4 v 2 − 1015706784k4 v + 974873344k4 + 7520k3 v 9 + 772608k3 v 8 − 2875616k3 v 7 − 58917568k3 v 6 + 469164960k3 v 5 −
1155170432k3 v 4 + 412538336k3 v 3 + 2031413568k3 v 2 − 1949746688k3 v + 336k2 v 10 − 52816k2 v 9 − 1582560k2 v 8 + 27560816k2 v 7 − 127930016k2 v 6 +
28759472k2 v 5 + 1497511456k2 v 4 − 4944873072k2 v 3 + 6922441360k2 v 2 − 4733985888k2 v + 1506333312k2 − 2352kv 10 + 203472kv 9 − 764688kv 8 −
24513072kv 7 + 293023248kv 6 − 1459281552kv 5 + 3929166288kv 4 − 5947568016kv 3 + 4733985888kv 2 − 1506333312kv + 45v 11 + 972v 10 − 191952v 9 +
2961396v 8 − 14780538v 7 − 18769932v 6 + 544096980v 5 − 2755473732v 4 + 7281931941v 3 − 11097146016v 2 + 9310949028v − 3408102864.

The geometric genus of the curve is 20, so by Faltings’ theorem [HS00, Theorem E.0.1],
the curve has only finitely many rational points. There are 32 known rational zeros of f4 (v, k).
They are (−1, −3), (−1, −2), (−1, 1), (−1, 2), (11/5, 1), (11/5, 6/5), (4, 0), (4, 1), (4, 2), (4, 3), (4, 4), (13/3, 2), (13/3, 7/3), (5, 1), (5, 2),
(5, 3), (5, 4), (27/5, 2), (27/5, 13/5), (27/5, 14/5), (27/5, 17/5), (6, 2), (6, 11/4), (6, 3), (6, 13/4), (6, 4), (125/19, 54/19), (125/19, 71/19), (7, 3),

. It is still unknown if they are the only rational points.
The polynomial f4 satisfies Runge’s condition [Run87], so by Runge’s theorem [Run87],
it has finitely many integral solutions. Quantitative versions of Runge’s theorem have been
8600
established, and using the results in [HS83] and [Wal92], we can obtain the bounds ee
22
and ee , respectively, for the size max(|v|, |k|) of an integral solution (v0 , k0 ). The bounds
are too large for any computer search to terminate.
(7, 4), (15, 2), (15, 13)
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From combinatorial properties of the objects, we have more integral parameters
 
ki
4 (k − 4)i (k − 4 + 1)i
1
.
pi =
and
λ
=
i
4! (v − 4)i−4
i
(v − 8 + 1)i
With these new parameters and some positivity condition, in [Xia18a], I constructed
X := 48q4 − 16q3 + 6q2 − 144q1 + 45q0
where
q4 :=

q3
q2
q1
q0

:=
:=
:=
:=

288(v − 7)(k − 5)λ6 − 96((v − 15)(k − 13) − 64)λ7
−24(38v + 3k − 262)λ8 + 6(k − 5)k(k − 1)(k − 2)p1
−2((v − 6)(k − 5) + 1)k(k − 1)p2
+((v − 9)(k − 4) + 2)kp3 + (2v + 3k − 22)p4 ,
6p3 − (v − 4)(k − 5)q4 ,
−24p2 + (v − 5)q3 ,
p1 ,
k − 4.

The parameter X is an integer since qi ’s and λi ’s are integers. When k ≥ 105 ,
235 +

3
1
≤ X ≤ 235 + .
4
4

This gives a bound k ≤ 105 , which is small enough so that we can use computers to search
for all zeros of f4 under the new conditions.
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