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Spherical designs

A finite subset X C 89 is a provided that
1 1
o D f) = ——5 / fdv?
X XZE):( vd(57) Jse

for all f € R[xo, ..., xg]<t, where v9 is the spherical measure on
S9.
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Spherical designs

A finite subset X C 89 is a provided that

1 1
= f - - fd d
x| 2 "= s ffav

for all f € R[xo, ..., Xq]<¢, where 19 is the spherical measure on
S, -
Related concept:

- (X = (X, 1x)).

> (f € R[x1,. .., xd]<t).

>
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Constructions of designs

» Definition: Delsarte-Goethals-Seidel (1977)
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Constructions of designs

> . Delsarte-Goethals-Seidel (1977)

> over [®: Seymour-Zaslavsky (1984)

> over
Bondarenko-Radchenko-Viazovska (2013)

> over [R:
Wagner (1991), Rabau-Bajnok (1991)

> on S2 over
Chen-Frommer-Lang (2011)

> over : Cui-Xia-X. (2017)

> over : Kuperberg (2005)

> over : X. (2017)

Are there spherical t-designs on S9 for all large d?
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Structure of sphere and hemisphere as topological space
Let
HY .= {(x0,...,xq) € RITL: x>0}

be the d-dimensional open hemisphere.
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%
(XOa"-axa) X (YO;--w)/b) = (XOYO»---aXaYOvﬂ---,Yb)-
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Structure of sphere and hemisphere as topological space

Let
HY .= {(x0,...,xq) € RITL: x>0}

be the d-dimensional open

There exists a dominant open embedding of topological spaces

_>

(XOa"-axa) X (YO;--w)/b) = (X0y07"'axay0ay1-~

There exists an isomorphism of topological spaces

—

(XOa'“aXa) X ()/07---7Yb) = (XOYO»---aXa)/OaYL--

7Yb)-

7yb)-
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Structure of sphere and hemisphere as measure space

Let for certain measure v on HY. (The
Radon-Nikodym derivative of v¢ with respect to the spherical
measure v9 is the polynomial xo — x§.)
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Structure of sphere and hemisphere as measure space
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Structure of sphere and hemisphere as measure space

Let for certain measure v on HY. (The
Radon-Nikodym derivative of v¢ with respect to the spherical
measure v9 is the polynomial xo — x§.)

There exists a dominant open embedding of measure spaces
a b a+b
SIxXH; = ST,
and an isomorphism of measure spaces

HIx HE  — HITP.

Proposition 3

There exists a dominant open embedding of measure spaces

X (Hyx e x ) —
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Sketch of an explicit construction of spherical designs

ERRS: explicit rational-weighted rational semidesign.

No o bk wbn

ERRS on

ERRS on

ERRS on

ERRS on ~HExox HY

Explicit rational semidesign on

Explicit design on
Explicit design on ¢ ~ St x H¢~1.
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Step 1. Rational-weighted rational semidesign on 7—[(1)

Choose (b;, a;) in H* NQ? such that

7.‘.21.“

aj — < 72tt2t 5
Then, X := {(bj, a;)} is the support of a unique
(t — 1)-semidesign \'} = (X, ud) on 7. Moreover,

t—1

1 et,j,l(al,...,ﬁ,-,...,at)

X bivai — 5 )

o602 = 2 T e (ox — )
Py

=]

even j=0

where e;_j_1 is the (t — j — 1)-th elementary symmetric
polynomial.
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Step 2. Rational-weighted rational semidesign on H1

Assume that n is an odd integer multiple of even integer t and
n> tt/2. Choose (b;,a;) in H* N Q? such that

- t
A s
! 2n*

Let (b, a}) := (bj, a) where j = ZEI=t  Then X = {(b;, a;)}
is the support of a unique

(t — 1)—semidesign = (X, pu}) on H} such that ud(bj,a;) =1
for (bj, aj) ¢ {(b},a})}. Moreover,

A

/ /
€ 13 6009CGhyocogE
_1+§ 1_[ J— 1 ’/17 ; t)enJ
er[o t—1] ,(a —a)
k#i
1 <—n—1 14+(—1)
where ey j = 3 ) icg & — 2(j+1)
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Step 3. Rational-weighted rational semidesign on Hi

Let V¢ = (X,ud) be a

(t + s — s)-semidesign on +_, where s — s is nonnegative even.
Then, = (X,pul ;) isa

t-semidesign on <, where

udo(x0, o xa) = x5 ud(x0,- . ., Xa)-
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Step 3. Rational-weighted rational semidesign on Hi

Let V¢ = (X,ud) be a
(t + s — s)-semidesign on +_, where s — s is nonnegative even.
- d \;
Then, = (X,pl ;) isa
t-semidesign on , where
d . d
pes(x0, .-, xq) = Xg *ul(x0, .- -y Xd)-

Corollary 7

Let X} be a rational-weighted rational (t + s)-semidesign on H}
and X! a rational-weighted rational (t 4 s — 1)-semidesign on H3.
Then, is a rational-weighted rational t-semidesign on
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Step 4. Rational-weighted rational semidesign on 7—[‘1”*1

Let Xo be a rational-weighted design on Zy and X1 a
rational-weighted design on Z1. Then, is a
rational-weighted design on
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Step 4. Rational-weighted rational semidesign on 7—[‘1”*1

Lemma 8

Let Xo be a rational-weighted design on Zy and X1 a
rational-weighted design on Z1. Then, is a
rational-weighted design on

Corollary 9

For each s € [1,d — 1]z, let X} be a rational-weighted rational
t-semidesign. Then,

= X oo X

is a rational-weighted rational t-semidesign on
=R D TETE
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Step 5. Integer-weighted rational semidesign on Hffl

Let V' = (X, ux) be a design on Z. Then,
= (X, nxux) is an design on Z, where

ny = lemyex denominator of px(x).
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Let V' = (X, ux) be a design on Z. Then,
= (X, nxpx) is an design on Z, where

ny = lemyex denominator of px(x).

Corollary 11

Let X~ be a rational-weighted rational t-semidesign on 1 *.

Then, is an rational t-semidesign on ’Hg_l.
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Step 6. Designs on S*

Proposition 12

Let X be the vertices of a in S*. Then, X is a
t-design on S*.
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Step 7. Designs on S?

Lemma 13

Let X be a design on Zy and X1 an integer-weighted design on
Z1. Let g : (0,1) — Aut(Zy) be a map such that
g(s) XoNg(s') Xo = 0 for different s, s’ € (0,1). Then,

= {(g(Sx,i)x0,x1) : X0 € Xo,x1 € X1,i € [L, ux,(x1)]z}

is a design on , provided that s, ;'s are distinct numbers
in (0,1).
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g(s) XoNg(s') Xo = 0 for different s, s’ € (0,1). Then,

= {(g(Sx,i)x0,x1) : X0 € Xo,x1 € X1,i € [L, ux,(x1)]z}

is a design on , provided that s, ;'s are distinct numbers
in (0,1).

Corollary 14

Let V' be a design on S and Xf_l an integer-weighted
t-semidesign. Then,

is a design on S¢.
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Explicit spherical design
Theorem 15

Let be an explicit t-design on S*, an explicit
rational-weighted rational (t + d — 2)-semidesign on H} and X'} an
explicit rational-weighted rational (t + d — 1)-semidesign on H}.
Then,

is an explicit spherical t-design on S9.
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Explicit spherical design
Theorem 15

Let be an explicit t-design on S*, an explicit
rational-weighted rational (t + d — 2)-semidesign on H} and X'} an
explicit rational-weighted rational (t + d — 1)-semidesign on H}.
Then,

is an explicit spherical t-design on S9.

Remark 16

» Designs above can be constructed over

» Designs of can be constructed.

Thank you for your attention.
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