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Design

A on X isa Y C X such that

/fdMX:/fduy,
X Y

for all f € F.

X, Y: Both and

Y': A sub-topological space of X.
F: A linear space of measurable (on both X and Y') functions.
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Block design

A , t-design in short, consists of a set of
> i av-set V,
> : a non-empty subset B of (}),

such that for every T € (‘t/)

#{BeB: TCBY=\>0.
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Example
0-design

Every subset B of (}) isa 0-(v.k.|3]) design.
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Example

Trivial design

Let B = (‘k/)
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Example

Trivial design

Let B = (\k/)

The set Bisa t-(v, k., (] |)) design for all t < k.
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Example

Partition

A B of V is a set of subsets { V;} whose disjoint union is

V, namely,
Um:v
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Example

Partition
A B of V is a set of subsets { V;} whose disjoint union is
V, namely,
| Jvi=V.
The set B is a design if and only if it is a partition.
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Example

Finite projective plane

A consists of a set of V, a set of B
and an relation between points and lines having:

» For every two different point, there exists a unique line
incident with them;

» For every two different lines, there exists a unique point
incident with them;

» There exists four points such that every line is incident with
at most two of them.
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Example

Finite projective plane

A consists of a set of V, a set of B
and an relation between points and lines having:

» For every two different point, there exists a unique line
incident with them;

» For every two different lines, there exists a unique point
incident with them;

» There exists four points such that every line is incident with
at most two of them.

The projective planes over finite fields are finite projective planes.

The pair (V, B) is a finite projective plane if and only if it is a
design.
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Example

Hadamard matrix

A (real) Hadamard matrix is a £1 matrix H, with

H.H! = nl,.
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Example

Hadamard matrix

A is a =1 matrix H, with

H.H! = nl,.

A Hadamard matrix of order 4n + 4 is equivalent to a
up to isomorphism.
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Existence of designs

Theorem 2 (R. Wilson)

For sufficiently large v, if some necessary conditions are satisfied,
then there exists 2-(v, k, \) design.
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Existence of designs

Theorem 2 (R. Wilson)

For sufficiently large v, if some necessary conditions are satisfied,
then there exists 2-(v, k, \) design.

Theorem 3 (P. Keevash)

For sufficiently large v, if some necessary conditions are satisfied,
then there exists t-(v, k, \) design.
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Lower bound for the size of designs

Theorem 4 (R. Fisher)
5| > v for 2-designs when v > k + 1.
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Lower bound for the size of designs

Theorem 4 (R. Fisher)
for 2-designs when v > k + 1.

Theorem 5 (A. Petrenjuk.)
for 4-designs when v > k + 2.
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Lower bound for the size of designs

Theorem 4 (R. Fisher)
for 2-designs when v > k + 1.

Theorem 5 (A. Petrenjuk.)
for 4-designs when v > k + 2.

Theorem 6 (D. Ray-Chaudhuri and R. Wilson.)

for 2e-designs when v > k + e.
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Sketch of the proof

» Construct the incidence matrix between (\e/) vs B.

1, ECB,

M(E, B) = {o E¢B.

» Show that the column space of the incidence is the whole
space.
> (o) <IB.
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Tight 2e-design

A tight 2e-design is a 2e-design B with |B| = (V) and v > k + e.

A tight 2e-design is non-trivial if v >k + e.
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Classification of non-trivial tight 2e-designs

v

e = 1. Many. Classification is far from being complete.
e = 2. H.Enomoto, N. lto, R. Noda, A. Bremner. Only two,
Witt 4-(23,7,1) and Witt 4-(23, 16, 52).

e = 3. C. Peterson. None.

v

v

v

e > 5. E. Bannai. Finitely many for each e.

» e = 4. E. Bannai. Finitely many.

» 5 < e<9. P. Dukes, J. Short-Gershman. None.
> e =4. Z. Xiang. None.

» e>10. 7
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Intersection numbers

The integers in the set

{IBNB|: {B,B'} e <§>}

are called intersection numbers.
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Intersection numbers

The integers in the set

{IBNB|: {B,B'} e <l23>}

are called

Theorem 7 ((P. Delsarte;) D. Ray-Chaudhuri and R. Wilson)

For a tight 2e-(v, k, \) design, the of the polynomial
®, € Q[x] are of the design.

ou(e) g(_l)e_,- ("7°) <(; (251 (7).
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Zeros of ¢,

When
(v — k)?k?

3
14
is big, we can “use” the zeros of . to approximate the zeros of
the He € Z[x].

Ho(x) =1, Hi(x) = x and Hpy1(x) = xHn(x) — nHp—1(x).

15/20



Non-existence of tight designs

Theorem 8 (E. Bannai)

There are only finitely many tight 2e-design for each e > 5.

16 /20



Non-existence of tight designs

Theorem 8 (E. Bannai)

There are only tight 2e-design for each e > 5.

Theorem 9 (P. Dukes and J. Short-Gershman)

There non-trivial tight 2e-designs for each
5 <e<10.
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Non-existence of tight designs

Theorem 8 (E. Bannai)

There are only tight 2e-design for each e > 5.

Theorem 9 (P. Dukes and J. Short-Gershman)

There non-trivial tight 2e-designs for each
5 <e<10.

Theorem 10 ((E. Bannai;) P. Dukes and J. Short-Gershman)

If there exists a non-trivial tight 8-(v, k, \)-design, then (v, k) is a
fa(v, k).
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The polynomial f;

(v, k) =

—3408102864 + 150633331242 +974873344x* — 48899814440 + 6232358448 — 3300568410 + 65536k 12 19310049028 — 15063333124y —
473308588842 — 1049746688k3 v — 1015706784k% v + 14669944324 v + 51160499240 v — 24920433647 v — 49810560k + 1654784049 v +
1744896410, — 303216411y — 16384412, — 11097146016v2 + 4733985888k + 692244136042 2  2031413568k3 2 — 1428764528k*,2 —
15348149764° 12 4 200662720402 + 19924224072 — 21567744482 — 8724480k9.2 4 7864324102 1 98304k11,2 1 7281931941,3 —
5047568016k 3 — 404487307242, + 412538336433 + 1856507606k%.3 + 2435420164°,3 — 203538048k0,3 — 13016064473 +
1719475283 — 327680k%3 — 2530524103 — 27554737324 13029166288k * 11497511456k, % — 115517043243 * — 58205585644 +
183266304k5,% + 58253568k0,% — 16432128474 — 110246448, + 36864049 * + 544006980,° — 1450281552k/> + 2875047242, +
469164960k3/5 — 703849645 — 50703552k%,5 + 6536960k0+° + 20505604" VO — 328320485 — 187609328 + 203023248k 0 —
12793001642, — 589175684310 + 270502244416 + 12587524>.0 — 16422400, 1 182784470 — 14780538.7 — 2451307267 +
275608164217 — 2875616k3.7 — 22061924417 + 608880k> 7 — 61184457 + 2061306,8 — 764688k, — 15825604218 4 772608k3.8 —
143664k% 8 + 1075248 — 1919529 + 20347269 — 5281642, + 7520k39 — 640k4.0 + 972,10 — 2352410 33642, 10 1 45,11
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473308588842 — 1049746688k3 v — 1015706784k% v + 14669944324 v + 51160499240 v — 24920433647 v — 49810560k + 1654784049 v +
1744896410, — 303216411y — 16384412, — 11097146016v2 + 4733985888k + 692244136042 2  2031413568k3 2 — 1428764528k*,2 —
15348149764° 12 4 200662720402 + 19924224072 — 21567744482 — 8724480k9.2 4 7864324102 1 98304k11,2 1 7281931941,3 —
5047568016k 3 — 404487307242, + 412538336433 + 1856507606k%.3 + 2435420164°,3 — 203538048k0,3 — 13016064473 +
1719475283 — 327680k%3 — 2530524103 — 27554737324 13029166288k * 11497511456k, % — 115517043243 * — 58205585644 +
183266304k5,% + 58253568k0,% — 16432128474 — 110246448, + 36864049 * + 544006980,° — 1450281552k/> + 2875047242, +
469164960k3/5 — 703849645 — 50703552k%,5 + 6536960k0+° + 20505604" VO — 328320485 — 187609328 + 203023248k 0 —
12793001642, — 589175684310 + 270502244416 + 12587524>.0 — 16422400, 1 182784470 — 14780538.7 — 2451307267 +
275608164217 — 2875616k3.7 — 22061924417 + 608880k> 7 — 61184457 + 2061306,8 — 764688k, — 15825604218 4 772608k3.8 —
143664k% 8 + 1075248 — 1919529 + 20347269 — 5281642, + 7520k39 — 640k4.0 + 972,10 — 2352410 33642, 10 1 45,11

Theorem 11 (E. Bannai)

There are only tight 8-designs.
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Tight 8-design

Theorem 12 (Z. Xiang)

There non-trivial tight 8-designs.
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Sketch of the proof

For zeros (v, k) of f, with 2k < v < k2,

2 23
v= k+ — (249+86\/6+ \/171312+70918\/6) + o(1).
1— (‘/% 500
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Sketch of the proof

For zeros (v, k) of f, with 2k < v < k2,

2 23
v ——k+ —— (249 +86v/6 + \/171312 + 70918\/6) + o(1).
1— (‘/% 500

Find a g(v, k) in the ring of integer-valued functions in v and k
having
lim  g(v, k) = 2 (6522+2808\/67 56993328+24204417\/5) .

100

v,k— oo
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An open problem

Fix positive integers ¢ and n. Is the number of pairs of integers
(a, b) satisfying the following conditions finite?

> b>a+2.

» et c 17,
a(a+1)(a+2) 1

> S5 €L

a(a+1)(a+2)(a+3
- b(b¥17)(b)+(2) etz

a(a+1)...(a+n 1
> ‘b(b(+1).?‘.(1§+n—*)1) S YA
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